The curvature correction term to the surface tension is used as a criterion for the efficiency of the Skyrme interaction in describing surface properties. Based on the nuclear equation of state, the curvature correction term to the surface tension coefficient is calculated for 99 standard Skyrme interaction parameter sets in the vicinity of nuclear saturation density at zero temperature. The main idea is to find those parametrizations that give the Tolman's δ correction close to the available theoretical predictions from the statistical theory. Only 33 out of 99 models give satisfactory results.
The curvature correction term to the surface tension is used as a criterion for the efficiency of the Skyrme interaction in describing surface properties. Based on the nuclear equation of state, the curvature correction term to the surface tension coefficient is calculated for 99 standard Skyrme interaction parameter sets in the vicinity of nuclear saturation density at zero temperature. The main idea is to find those parametrizations that give the Tolman's δ correction close to the available theoretical predictions from the statistical theory. Only 33 out of 99 models give satisfactory results.
Comparison of the obtained results with the results of the implementation of different macroscopic and microscopic constraints to Skyrme parametrizations available in the literature allows us to select 1 model that satisfy all the constraints. The derivation of the equation of state (EOS) of nuclear matter is among the most important goals and longstanding unsolved problems in nuclear physics and astrophysics [1] . Various approaches to the description of the infinite nuclear matter exist. Among them are purely microscopic ones based on the realistic description of the nucleon-nucleon (NN) interaction [2] , in which case the result depends not only on the chosen interaction but also on the way many-body effects are treated. These may be handled either by a direct description of the tree-particle interactions or by approaches like that of the BrucknerHartree-Fock, the Dirac-Bruckner-Hartree-Fock formalism [3, 4] or self-consistent Green's functions [5] , etc.
At the same time, in describing the experimental data and in computer simulation, the most widely used models are those based on effective density-dependent NN and NNN interactions rather than on realistic ones (e.g. the models introduced by Skyrme [6] and Gogny [7] ). The main problem of such approaches is in the infinite number of possible sets of model parameters providing satisfactory description of the ground-state properties of stable nuclei.
A large number of various Skyrme-force parametrizations and theoretical models attempting to describe the nuclear matter and finite nuclei in a wide range of external parameters exists. They all were constructed under specific assumptions that reduce their predictive power * k.cherevko@univ.kiev.ua † jenk@bitp.kiev.ua ‡ fszhang@bnu.edu.cn [8] . Combined with the indirect model-dependent experimental methods used to evaluate nuclear matter properties, it makes the selection of the realistic sets of parameters quite a difficult task.
Presently over 200 sets of Skyrme parameters are known from the literature. They result from the analysis of various observables, leading to different predictions concerning the behavior of the nuclear matter away from equilibrium. Recently, a number of interesting and important papers systematically checking the sets of parameters for nuclear matter constraints appeared [8, 9] . Important work on the construction of new parametrizations with systematic variation of the parameters to improve the precision of the results for some crucial nuclear matter properties has been done in Refs. [10] [11] [12] . Such investigations may result in the improvement of the equation of state of nuclear matter, applicable in a wide range of parameters. Thus, the search for model-independent constraints connected with the specific properties of the nuclear matter is timely and important.
Such constraints may result from the properties of the interfaces. To start with, let us mention that the Droplet model of nuclei [13] plays a special role among macroscopic models. It makes possible the description of average properties of a saturated system, such as a nucleus, consisting of two components (neutrons and protons), with account for the boundary effects and the presence of a diffuse layer. The surface energy and the properties of the surfaces in nuclear matter has been studied in a number of papers [13] [14] [15] . Although the dependence of the surface tension (and surface energy) on the surface curvature as well as its impact on different physical properties was also studied by several groups of authors [16, 17] . Still, for decades it remains one of the most controversial issues in mesoscopic thermodynamics [18] [19] [20] .
In studies of surface properties of nuclei with mass number A, the account for the curvature effects is important. Within the Droplet model this requires the inclusion of additional terms proportional to A 1 3 in any expansion concerning the nuclear properties in terms of the fundamental dimensionless ratio, given by
, which is the ratio of the interparticle spacing r 0 to the nuclear radius R [13] . In these studies, effects connected with the surface curvature are specified by the curvature correction coefficient a 3 accompanying terms of the order A [21] . The basic parameter δ was first introduced by Tolman [22] . It is equal to the distance between the equimolar surface R em and the surface of tension R at the interphase boundary
According to the G-T theory, the surface tension σ of the curved interface, in the leading order approximation, can be defined as
where R is the droplet radius (equal to the radius of the surface of tension [23, 24] ) and σ ∞ is the surface tension of the planar interface. Originally introduced for ordinary liquids, it can be defined for any system with curved interface of a non-negligible boundary layer [18] , such as nuclei and nuclear systems with a finite diffuse layer [25] . First theoretical estimates of the correction term were done by Tolman [26] . It appeared to be close to the average interparticle distance r 0 . Namely, δ ∼ 0.3 − 0.6r 0 , that, for a nuclear systems, is r 0 ∼ 0.7 fm at normal density ρ ∼ 0.17 fm −3 . Present calculations from statistical mechanics yield Tolman length of the order of the interparticle distance δ ∼ r 0 = 0.7fm [15] . Thus, mathematically the term 2δ R in Eq. (2) becomes important for the systems with R < 14 fm ( 2δ R > 0.1 in (2) and even more so for nuclear systems with R ≈ 0.7A In view of the importance of the curvature correction for nuclear systems, checking different sets of standard Skyrme parameters as for their ability to reproduce the theoretically predicted values for δ-correction becomes and important task. Therefore, following the idea of [9] in this work we present an attempt to use Tolman correction as a constraint for different sets of Skyrme parameters.
In the present paper the Tolman δ-corrections are calculated for 99 different sets of Skyrme parameters known from the literature (see Appendix A). In our analysis we included the most popular parametrizations. From large families (e.g. BSk,SkSC), we have selected several representative members. The Tolman length was calculated for the whole families in which δ coincides with or is close to that calculated statistically. The results are compared with the theoretical predictions. This analysis is interesting as a test of various models regarding their ability to describe interphase interfaces.
Various approaches for the evaluation of the curvature correction exist. A method to calculate the Tolman δ-correction from the EOS of nuclear mater was introduced earlier in [27] .
In that model, one gets for δ from the EOS of symmetric nuclear matter with isospin-independent effective mass (see Appendix B) in the case of T = 0, at normal density ρ 0 :
where
We use the above results to calculate corrections to 99 sets of Skyrme parameters, using them in testing various parametrizations describing surface effects properly. Let us recall that, contrary to Tolman's first estimates [26] , subsequent calculations based on statistical mechanics yield δ = 5 9 r 0 [28] or even δ ∼ r 0 [29] [30] [31] [32] . Thus, with account for the uncertainty of the theoretical values of δ, the admissible range for the curvature corrections adopted in the work is
In all calculations the surface tension of the semi-infinite matter at T = 0 is set σ ∞ = 1.1 Mev/fm 2 [13, 33] . The results of our calculation are presented in Fig. 1 .
In Table I the parametrization yielding values of δ within the admissible range (5) and, at the same time, satisfy the constraints of Ref. [9] are shown, appended by the macroscopic properties of the corresponding parametrizations. The label "macro" indicates that the parametrization passed the test of Ref. [9] only for macroscopic constraints. Only 33 parametrization of those analysed satisfy the constraint on the δ−corrections imposed in Eq. (5). Among them LNS satisfy also all the criteria of Ref. [9] , while MSL0, Skxs20 and SV-sym32 satisfy only the macroscopic constraints of Ref. [9] . At the same time, as seen in Fig. 1, many parametrizations yield values of δ correction close to the range allowed by (5) . An interesting but not surprising observation is that, while some of the parametrizations of the family SkT pass the δ constraint test, others do not, although the parametrizations are based on the same inputs and use the same method. This observation may suggest that some of the parametrizations pass the test just by chance.
The main features of the parametrizations that passed the test are shown in (Tab. II). As seen from the Table, the families with acceptable values of the Tolman correction use finite nuclei properties connected with the nuclear surface (e.g. surface properties of selected magic and semimagic nuclei, surface thickness, neutron rms radius) as input data. At the same time, families that did not pass the test use different input data (e.g. SKRA or Ska25s20). It should be also noted that parametrizations elaborated for neutron matter (e.g. the SLy family) fail to produce an acceptable curvature correction to the surface tension in symmetric nuclear matter.
The obtained values appear negative for all chosen parametrizations except for SV (see Fig. 1 ), which means that the surface of tension is located closer to the liquid phase with respect to the equimolar surface.
An important observation is that all parametrizations constructed by systematic variations of the parameters (e.g. SV and SkS families) do pass the δ-correction test.
Attempting to find an apparent pattern of the forces performance in describing properties of the nuclear surfaces, we calculated the coupling constants found in recent years and aimed to improve the relevance of the Skyrme forces to different physical properties [9] and given as linear combinations of individual parameters
Other combinations of the individual parameters are those providing the most compact formulation of the energy functional and the residual interaction [34] 
Unfortunately, no particular dependence of the value of δ-correction on the force parameters, coupling constants or macroscopic properties was found. The only similarity found is in the value of the coefficient C 0 ρ (Fig. 2 ) that with probability 0.95 should be
One can see from the picture (2) that δ and C 0 ρ are interrelated. Even though this may be the necessary condition for their abbility to describe nuclear surfaces, certainly it is not sufficient, since some of the parametrizations, including those with δ outside our range (5), produce C 0 ρ within the range imposed by Eq. (8) . This may be an indication of some basic problem in the Skyrmetype parametrizations, maybe connected with the large freedom in choosing the force parameters. In this paper we have calculated the curvature correction term of the surface tension from the nuclear equation of state for 99 different standard Skyrme parametrizations available in the literature. The obtained results show strong dependence of the curvature correction term on the EOS.
To summarize, our study shows that not all the existing parametrizations are capable to describe adequately the interphase interfaces in nuclear matter. The suggested constraint allows to test various Skyrme forces regarding their capacity to describe curvature effects. It should be mentioned that better agreement is observed with the use of EOS that account for the surface effects with respect to those that do not (or were designed for neutron matter).
Comparison of the obtained results with the available data on different Skyrme forces with nuclear matter constraints suggests one parametrization, namely LNS, that satisfy all constraints. It can be seen from our study that systematic variation of the parameters is quite efficient, In Table III the parameters of the Skyrme forces used in this paper are presented 1.00 SkT1* [57] -1800.50 296.00 -296.00 12884.00 0.16 -0.50 1.00 0.09
1.00 SkT2 [57] -1791.60 300.00 -300.00 12792.00 0.15 -0.50 -0.50 0.09
1.00 SkT3 [57] -1791.80 298.50 -99.50 12794.00 0.14 -1.00 1.00 0.08
1.00 SkT3* [57] -1800.50 296.00 -98.67 12884.00 0.14 -1.00 -0.50 0.08 To calculate the δ-correction, an EOS of nuclear matter at low-temperatures and in the high-densities limit was used, where λ 3 ρ ≫ 1 (i.e. when the average de Broglie thermal wavelength λ is larger than the average interparticle separation ρ 
where m and m * are the mass and effective mass respectively, T and ρ are temperature and density, q is the particle type (q=proton, neutron), F is the Fermi integral, λ = 2πh 2 m * T is the average de Broglie thermal wavelength, g = 2 is the spin degeneracy factor, t 0 , t 3 , x 0 , x 3 and α are the Skyrme force parameters, β = 
